This work illustrates the possibility to apply the Fast Fourier Transformation to obtain the integrals of the Boundary Element Method (BEM) on arbitrary shapes. The procedure is inspired by the technique used with great success within the framework of the half-space approximation in contact mechanics. There, the boundary integral equations are given by simple convolutions over the boundary surface. For arbitrary shapes this is not the case. Thus, the FFT and the great reduction in computational complexity that comes with it cannot be utilized as easily. In this work, it is illustrated that although the integral equations of the BEM are not convolutions over boundary of arbitrary shapes, they are indeed convolutions over the space which is one dimension higher than that of the boundary. Therefore, the FFT can indeed be used to calculate the BEM integral equations on arbitrary shapes, only this comes at the cost of increasing the dimension of the FFT. A small example is given which illustrates how the concept can be used to fully solve a BEM problem with a given closed boundary using only the FFT approach to obtain the integral equations and no hybrid techniques or other approximations.
Introduction
In the past decades, the Boundary Element Method (BEM) has been used for the analyses of various engineering problems [1] . For some applications, it has become a strong alternative to the Finite Element Method (FEM). For example, the boundary element method has become a standard tool in contact mechanics [2, 3] where it is used with great success within the framework of the half-space approximation (see for example [4, 5] ). For a half-space, the integral equations of the boundary element method are simply given by a two-dimensional convolution over the surface which can easily be obtained with the Fast Fourier Transformation (FFT). For a half-space surface with n n × discretization points on a uniform grid, the computational complexity is 2 ( log ) O n n when the FFT is used. When it is not used and the entire 2 2 n n × matrix of the linear system of equations is built, the complexity is 6 ( ) O n using direct solvers or 4 ( ) O n using iterative solvers.
For arbitrary shapes, the integral equations of the boundary element method are not given by simple convolutions over the boundary surface as it is the case for the half-space. Thus, the FFT and the reduction in computational complexity that comes with it cannot be used as easily for this case as it is possible for the case of the half-space. For a cube with n discretization points on each side ( 2 6n surface points), the matrix of the linear system of the BEM has 2 2 6 6 n n × entries. As above, when no measures are taken to accelerate the calculation, the complexity is 6 ( ) O n with direct solvers or 4 ( ) O n using iterative solvers. Many valuable techniques have been proposed over the past years to reduce this complexity (see for example [6, 7, 8, 9]) This work seeks to illustrate and highlight the following: Although the integral equations of the BEM are not convolutions over boundary of arbitrary shapes, they are indeed convolutions over the space which is one dimension higher than that of the boundary. Therefore, the FFT can indeed be used to calculate the BEM integral equations on arbitrary shapes, only then the dimension of the FFT has to be increased.
It will be shown with an example that this realization can be used to fully solve a BEM problem with an arbitrary boundary using only the FFT to obtain the integral equations.
Boundary integral formulations of the governing equations
Let us use LAPLACE's and NAVIER's equation to illustrate how the boundary integrals of the BEM can be calculated on arbitrary shapes with the FFT. LAPLACE's equation is
Adding a point source in 0 x yields the equation
The solution of (2) is the fundamental solution of (1). For example, it is ( )
for the two-dimensional case of (1), the definition of the fundamental solution (2) , and the divergence theorem, one can obtain the boundary integral formulation of (1) as The boundary integral formulation of NAVIER's equation ( )
shall be introduced in a similar way. Here we consider only the three-dimensional case with
x xe ye ze = + + .
Choosing the volume force field b with a delta function to represent a point force acting in 0 x in the direction of a unit vector m yields
The solution to (6) is called fundamental solution of (5). It is given through
, one can now obtain the boundary integral formulation of (5) as
S c x u x t x u x x dS u x t x x dS
where c is defined as above, u and t n σ 
Application of the FFT
Now let us take a closer look at the two boundary integral formulations from above, (4) and (8) . Both strongly remind of the integral formulation one obtains for an elastic half-space [3] and which can be solved rapidly with the FFT as it represents a two-dimensional convolution. It reads
where u is the deformation, σ is the load, a is the direction of the deformation and b is the direction of the load,
. Note that in (9), the two coordinates x and y lie in the plane of the surface S over which the integration is performed. Thus, the uniform grid of the FFT which is used to calculate the convolution in (9) is perfectly aligned with the half space surface. (see Fig. 1 ). Although this seems trivial, it is precisely this characteristic which is missing in (4) and (8) . In both of these boundary integral formulations, the structure is that of a cross-correlation which is equal to the convolution due to the symmetry of the fundamental solutions. However, the integration is not, as in (9), performed over a boundary which corresponds to the entire parameter space, but instead over a boundary which lies within this parameter space. For example, in the two-dimensional case of the LAPLACE equation, the integration has to be performed over a line. If the integration would have to be performed over the entire surface enclosing this line, it would be a convolution. The same holds true for the threedimensional NAVIER equation. Here the integration over the boundary is an integration over a surface lying arbitrarily within the three-dimensional space. If the integration would have to be performed over the entire volume enclosing this surface, it would be a convolution. This observation leads to the realization, that if one simply does perform the convolution over the entire parameter space enclosing the boundary, and not only over the boundary itself, one can indeed calculate the integrals of the BEM such as in (4) and (8) with the FFT. One only has to pay close attention to appropriately setting zeros wherever there is no boundary such as not to distort the results which are of interest (see the next section for an example). One can almost think of this procedure as if one obtains the results on a thin boundary shell and then divides them by the shell thickness to obtain the final results on the boundary. Fig. 2 displays an arbitrary shape through which a uniform grid is placed on which the FFT can be performed. Fig. 2 An arbitrary three-dimensional shape fully enclosed with a uniform three-dimensional grid Naturally, this procedure can only be performed at a certain cost, which is the additional dimension of the FFT. Let us consider a two-dimensional example for which the boundary integral equations have to be calculated on a line. Consider a square with n discretization points on each side. The matrix of the linear system of the BEM has 4 4 n n × entries. Without any measures to accelerate the calculation, the computational complexity to invert this matrix is
with direct solvers or 2 ( ) O n using iterative solvers. When the FFT is used to obtain the integrals as proposed above, the entire twodimensional space in which the line lies has to be discretized. The computational complexity to perform the twodimensional FFT is then 2 ( log ) O n n . Thus, there is no reduction in computational complexity for the twodimensional case. Let us now consider the threedimensional example of a cube with n discretization points on each side ( 2 6n surface points). Here, the matrix of the linear system of the BEM has 2 2 6 6 n n × entries. When no measures are taken to accelerate the calculation, the computational complexity is ( log ) O n n . This reduction in complexity makes the use of the FFT appealing. Moreover, highly efficient implementations for the FFT exist and the algorithm can be run on parallel systems such as the Graphics Processing Unit (GPU).
Example for the Laplace equation
We now present a small example which should be considered as a very rough sketch of how to use the method described above to solve a BEM problem with an arbitrary boundary with the FFT. Consider again the twodimensional form of LAPLACE's equation (1) . As boundary, we choose a unit square which is discretized with n points on each side. A certain potential u shall be fixed on the boundary as it is shown with the blue line in Fig.  3 . The goal of the operation is to obtain q on the boundary, characterizing the outward flow. 
One can now see, that each one of the three integrals in (14) would be a two dimensional cross correlation, if it was taken over a surface. However, all three integrals are taken only over the line. In a similar way, the three integrals in (14) -if one imagines them again to be taken over the surface and not the line -could also be interpreted as a two dimensional convolution. One only has to rewrite the equations in the following way: 
In the example, u is given on the boundary. To apply the convolution, u is now extended to the entire parameter space by adding zero elements wherever there is no boundary (see Fig. 4 ). Also, the parameter space is extended in the appropriate fashion to apply the FFT. The values of q which we seek cannot be calculated directly as they lie within the first integral in (15). We therefore use a conjugant gradient method. Therein, the first integral is evaluated in the same style as the other two with the use of the FFT. After an initial guess q is changed in each iteration until the norm of the residual is below a predefined value. The result for q is displayed with the red line in Fig. 6 . Fig. 6 Visualization of the results for the outward flow q (red) on the boundary for the given distribution of the potential u (blue) on the boundary. The results were generated using the FFT to obtain the integral equations as it is described above. For the displayed results it was n = 500, and 5 iterations were required with the conjugant gradient method.
Summary
In this work it was illustrated that the boundary integral formulations of the LAPLACE and NAVIER equation can be regarded as convolutions over the space which is one dimension higher than that of the boundary of an arbitrary shape. Therefore, the FFT can be used to calculate the BEM integral equations on arbitrary shapes in a similar manner like it has become a standard within the framework of the half-space approximation generally used in contact mechanics. The flat shape of the halfspace is perfectly aligned with a two-dimensional grid over which a convolution can be performed. For arbitrary shapes, a grid has to be introduced which fully runs through and encloses the surface. This makes the use of the FFT possible but comes at the cost of having to add a dimension to the FFT. However, there is a reduction in computational complexity when compared to the conventional technique of inverting the fully populated BEM matrix. For a cube with n discretization points on each side, the matrix of the linear system of the BEM has 2 2 6 6 n n × entries. When no measures are taken to accelerate the calculation, the computational complexity is 6 ( ) O n with direct solvers or 4 ( ) O n using iterative solvers. With a three-dimensional FFT though, the complexity is only 3 1.5 ( log ) O n n . This reduction in complexity makes the use of the FFT appealing. Moreover, highly efficient implementations for various use cases exist for the FFT.
At the end of the paper it was briefly illustrated with a small example how the concept can be used to fully solve a BEM problem with a closed boundary using only the FFT approach to obtain the integral equations and no hybrid techniques or other approximations.
The author suspects that the concept may be a key to developing efficient boundary element solvers in the near future.
